
SOLUTION TO PROBLEM 12229
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Proposed by M. Omarjee (France).
Let f : [0, 1] → R be a function that has continuous derivatives and that satisfies

f(0) = f(1) and
∫ 1

0
f(x) dx = 0. Prove

30240

(∫ 1

0

xf(x) dx

)2

≤
∫ 1

0

(f ′′(x))
2
dx.

Solution. By the Cauchy-Schwarz inequality(∫ 1

0

f ′′(x)g(x) dx

)2

≤
∫ 1

0

(f ′′(x))2 dx ·
∫ 1

0

g2(x) dx for every g ∈ L2(0, 1).

After applying integration by parts twice, we find∫ 1

0

f ′′(x)g(x) dx = g(x)f ′(x)
∣∣∣1
0
−

∫ 1

0

g′(x)f ′(x) dx

= g(x)f ′(x)
∣∣∣1
0
− g′(x)f(x)

∣∣∣1
0
+

∫ 1

0

g′′(x)f(x) dx

= g(1)f ′(1)− g(0)f ′(0)− f(0)[g′(1)− g′(0)] +

∫ 1

0

g′′(x)f(x) dx.

Let

g(x) =
1

6
x(x− 1)

(
x− 1

2

)
=

1

12

(
2x3 − 3x2 + x

)
.

We have that:

• g(0) = g(1) = 0;
• g′(0) = g′(1);
• g′′(x) = x for all x ∈ [0, 1].

Thus, ∫ 1

0

f ′′(x)g(x) dx =

∫ 1

0

xf(x) dx.

Then∫ 1

0

g2(x) dx =
1

36

∫ 1

0

x2(x− 1)2
(
x− 1

2

)2

dx =

=
1

36

∫ 1

0

(
x6 − 3x5 +

13x4

4
− 3x3

2
+

x2

4

)
dx =

1

36
· 1

840
=

1

30240
.

Therefore,
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(∫ 1

0

xf(x) dx

)2

≤
∫ 1

0

(f ′′(x))2 dx.

1


