SOLUTION TO PROBLEM 12142

TOMMASO MANNELLI MAZZOLI

Proposed by J. A. Scott (UK).

Let f: [a,b] = R be a twice continously differential function satysfying f; f(z)dz = 0.
Prove
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Solution. By the Cauchy-Schwarz inequality
b 2 b b
(/ 1" (x)g(x) dx) < / (f"(x))*da / g*(x)dx for every g € L?(a,b).

Hence

b 2
( / f(@)'g(z) dx)

/ab g*(x) dz

By integrating by parts twice we have

, for every g € L%(a,b).
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Let
g(z) = (x = b)(z —a) = 2° — (a + b)z + ab.

‘We have that:

Hence

b
/ F(@)g(x) dz = (a— b) [f(a) + FB)].
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Moreover
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Finally we get
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which is a stronger inequality, since
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